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Abstract: In this paper, approximate nonUnear self-adjointness and its properties for 
perturbed PDEs are further studied. Approximate conservation laws are constructed by 
means of the method which cannot be obtained by classical Noether theorem. The method 
is applied to a class of perturbed nonlinear wave equations to illustrate the effectiveness. 
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1 Introduction 

When the German mathematician Emmy Noether proved her theorem [1] , she establishes 
a connection between symmetries and conservation laws of differential equations, provided 
that the equations under consideration are obtained from the variational principle, i.e., 
they are Euler-Lagrange equations. In order to invoke this powerful theorem, one requires 
a Lagrangian of the underlying differential equations which make it cast as an Euler- 
Lagrange system [2]. It is well known that there is no Lagrangian for some scalar evolution 
equations, such as the classical heat equation, the Burgers equations, etc. In consequence, 
one cannot associate conservation laws with their symmetries via Noether's theorem. 
In [2111], Anco and Bluman provided a direct construction formulae of local conservation 
laws for PDEs expressed in a standard Cauchy-Koralevskaya form. In [5], Kara and 
Mahomed presented a partial Noether approach, which is efficient for Euler-Lagrange 
type equations. 

Recently, the concept of nonlinear self-adjointness [6l[7] was introduced to construct 
conservation laws associated with symmetries of differential equations which includes 
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strictly self-adjointness [8l|9] and quasi self-adjointness [TO] stated earlier. The method 
introduced a Lagrangian of the system consisted of the governing equations together with 
their adjoint equations and then utilized the substitution (see Definition 1) to construct 
conservation laws of the PDEs under study. Many important physical PDEs have been 
studied by the method successfully [6]. 

Another vital aspect is that the theory of approximate conservation laws associated 
with differential equations involving a small parameter is introduced with regard to ap- 
proximate Noether symmetries, i.e., symmetries associated with a Lagrangian of the per- 
turbed differential equations [lll[12]. In [13l[14], the authors studied how to construct 
approximate conservation laws for perturbed PDEs via approximate Lie-Backlund sym- 
metries. Johnpillai [I5] show how to construct approximate conservation laws of approxi- 
mate Euler-type equations via approximate Noether type symmetry operators associated 
with partial Lagrangians. In [16] , a basis of approximate conservation laws for perturbed 
PDEs was discussed. Quite recently, the concept of self-adjointness is extended to deal 
with perturbed PDEs and successfully applied to study two examples to obtain approxi- 
mate conservation laws [6]. However, the study of approximate conservation law is still a 
major object both for mathematician and physicist and should be further developed. 

The purpose of the paper is to perform a further study of the properties and ap- 
plications of approximate nonlinear self-adjointness for perturbed PDEs. The outline 
of the paper is as follows. In Section 2, some basic notions and principles of nonlinear 
self-adjointness are reviewed and the definition of approximate nonlinear self-adjointness 
and its properties are given. In Section 3, the method is applied to a class of perturbed 
nonlinear wave equations and approximate conservation laws are constructed. The last 
section contains a conclusion of our results. 

2 Main results 

We first recall some basic notions and principles associated with nonlinear self-adjointness 
of PDEs, and then give the main results about approximate nonlinear self-adjointness. 

2.1 Preliminaries 

Consider a system of m PDEs with rth-order 

• ■ • = 0, (1) 

where x = (x^, . . . ,x^),u = . . . and u^i) denotes the collection of all ith-order 
partial derivatives of u with respect to x. 
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Let L be the formal Lagrangian of Eq. ([T]) given by 



then the adjoint equations of Eq.([T]) are defined by 

where f = iv^ ^ . . . and 5/5u°' is the variational derivative written as 

5 d ^ d 
-r — = 7^ h> i-lYDi, . . .Di , 

S = i_ l\...Ls 

where, hereinafter, Di denotes the total derivative operators. For example, 

^ d d d d 

J^x = t:- + UxTT + ^^^^ ^ ^^i^ \ ' ^^C. 

ox OU OUx OUt 

In what follows, we state the definition of nonlinearly self-adjointness of equations. 

Definition 1. (Nonlinear self-adjointness [6]) The system ([1]) is said to be nonlin- 
early self-adjoint if the adjoint system (jj]) is satisfied for all solutions u of Eq.([l]) upon a 
substitution 

v°' = ip°'{x,u), a = l,...,m, (3) 

such that ip{x, u) = {ip^, . . . , ip"^) ^ 0. 

Definition 1 is equivalent to the following identities holding for the undetermined 
coefficients 

E*{x, u, v,ut,ui, - ■ ■ , Ur, Vr) = X^Eoix, U, Ut, Ui, ■ ■ ■ , Ur) , a, /3 = 1, . . . , m, 

which will be applicable in the computations. 

Remarks 1. If the substitution ([3]) becomes v = u, then Eq.([T]) is called strictly self- 
adjointness. li V = f{u) is independent of x, then it is named by quasi-self-adjointness. 
The substitution ([3]) can also be extended to the case f° = ip°'{x, u, which embraces 
the derivatives of u and is called differential substitution. 

The following theorem will be used to construct conservation laws [9] for both unper- 
turbed and perturbed cases. 

Theorem 1. Any infinitesimal symmetry (Lie point, Lie-Backlund, nonlocal) 

X = e{x, U, • • • )^ + V"{X. M, M(l), • • • )^ 
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of Eq.(jTj) leads to a conservation law Di{C^) = constructed by the formula 

dC . 



dC dC 



-du 



duf. 



DjDk( 



du 



ijk 



(4) 



where = rj" — ^■'u'^ and C is the formal Lagrangian. In applying the formula, the La- 
grangian C should be written in the symmetric form with respect to all mixed derivatives 



"ij' "ijfc' • • • • 



Generally speaking, the term can be omitted because it vanishes identically on 
the solution manifold of the studying PDEs. 



2.2 Approximate nonlinear self-adjointness 

Now consider the system ([T]) with a perturbed term, i.e.. 



0, 



(5) 



where e is a small parameter. Note that if no special explanations are added, the symbols 
below represent as in Subsection 2.1. 

Here, the Lagrangian C of Eq.(|5]) is given by 



then the adjoint equations of Eq.Q are written as 

6C 



,W(r))], 



(6) 



Definition 2. (Approximate nonlinear self-adjointness) The perturbed system (|5]) 
is called approximate nonlinear self-adjointness if the adjoint system is approximate 
satisfied for all solutions u of Eq.(|5]) upon a substitution 



(7) 



such that not all (p" and 0" are identically equal to zero, where (p{x, u) = [ip^, . . . , y?"^) 
and u) = (0-^, . . . , 0"^). 

Remarks 2. Some necessary remarks should be demonstrated about approximate 
nonlinear self-adjointness in Definition 2. 

1. The approximate satisfaction in Definition 2 means that the adjoint equations of 
Eq.® work out 
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m 



2. Similarly, as the unperturbed case, we can define approximate strictly self-adjointness 
with V = u + eu (or m or eu) and approximate quasi- self-adjointness with = + 
60" (m) (or (f°'{u) or e(j)°'{u)). Differential substitution also holds if v contains the deriva- 
tives of u. 

3. If the substitution ([7]) does not exist for Eq.Q, i.e., Eq.(|5]) is not approximate 
nonlinear self-adjointness, then the resulting conserved vectors will be nonlocal in the 
sense that they involve the variable v connected with the physical variable u via adjoint 
equations (E]). 

In what follows, we present some properties of approximate nonlinear self-adjointness. 
Theorem 2. If the adjoint system (|2]) has solutions with the form = ef'^{x,u) 
with some functions /"(x,u), then system ([5]) is approximate nonlinear self-adjointness. 
Proof. Observe that £ = £ + ev^E^, one has 

Assume Eq.(|2]) have perturbed solutions in the form m" = e/"(x,M) and substitute them 
into the adjoint equations ([HD, 5£/5m" vanish. Since each term of 5(m^-E'")/5m" contains 
V or its derivatives (linear homogeneous in v and its derivatives), so e 5(m'^-E")/5m" with 

_ ^f°'(^x, u) are second order about e and can be omitted. This proves the results. □ 

For instance, consider perturbed nonlinear wave equation F = Uu—Uxx+euut = with 
Lagrangian C = v{uu—Uxx + ^uut), the adjoint equation is F* = 6C/6u = Vu—v^x — ^uvt = 
0. The adjoint equation of unperturbed equation uu — u^x = is Vu — Vxx = which 
has solution in the form v = e[{cix + C2)t + c^x + C4], where not all arbitrary constants 
Cj (i = 1, . . . , 4) equal zero. This solution makes F* = —e'^u{cix + C2), then by Theorem 
2, equation F = is approximate nonlinear self-adjointness. 

Remarks 3. In particular, any linear perturbed PDE is approximate nonlinear self- 
adjointness, which is a parallel result as unperturbed case |6]. For example, consider the 
perturbed linear wave equation uu — Uxx + ewt = whose Lagrangian is £ = v{utt — Uxx + 
eut), then its adjoint equation is Vu — Vxx ~ = which is independent of u, thus any 
nonzero solution is a substitution. 

For the case of one dependent variable of Eq.([5]), we have the following results. 

Theorem 3. Eq.(|5]) is approximate nonlinear self-adjointness if and only if it becomes 
approximate strictly self-adjointness after multiplied by an appropriate multiplier yu(x, u) + 
ez/(x, u). 

Proof. Suppose Eq.(l5]) with one dependent variable written by Ei = E^ + eE\ = is 
approximate nonlinear self-adjointness, for the substitution v = + e(j), one has 
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(9) 



which is equivalent to the following system after separating it with respect to e 

= XoE, , = X^E,+ X,E, . 

with A = Aq + eAi- On the other hand, the condition for approximate strictly self- 
adjointness and the variational derivative associated with equations Ei = yield 

S{u{fi{x, u) + ez/(x, u))Ei) 



\Ei. 



(10) 



Inserting dependent variable u = ujq + euji and A = Aq - 
with different order of e, for e'^, we have 

5{u,^^El) _^df, d{^El) di^El) 



eAi into (fTO!) and splitting it 



5u 



du du 

du ^ Su 
XqE^, 



dui 



DiDjlfiuo- 



duij 



'11] 



where, for Eq. fjTTj) . we regard uq as a dependent variable in the first equation while 
(fi = uq fi{x, u) is taken as a new dependent variable instead of to obtain the second 
term in the second equation. With the condition u: = u + eu, one has 



KuJo^^El) 

Similarly, for e^, one has 

5[u}qijlE\ + {(jjoi' + ^uJijE^] 



ou ou 



Ao-^i- 



(12) 



5u 



u 



du 



5{^E\ + 0E°) 
5u 



I {a;Q — u,a;]^ — u} 



(13) 



where (f) = uquIx, u) + uifi{x, u) is a new dependent variable. 

Now, assume equation i?i = is approximate nonlinear self-adjointness, then we have 
the multiplier + eu = ip/u + e{(j) - (p)/u, with the help of 1^,1^ and (US]), Eq.ffTOl) 
becomes 
6{uj{fi{x, u) + ez/(x, u))Ei) 

I a; — u . + e It 

6{^E\ + 4>El) 



6u 



OU ou 



eu 



^ d{fi + u) ^o 
du ^ du ^. 



+ e- 



6u 



^0 + t; 

du M J 



du u 



du u 



XqEi + e{\iE^ + Ao-Ej) 



6 



thus 



An 



X dip ip 

^0 + -7: 7 

ou u 



Ai = Ai + -^-^. 

ou u 



Hence, equation Ei = multiplied by the multiplier + ez/ is approximate strictly self- 
adjointness. 

Conversely, let -Ei = with multiplier + ei^ is approximate strictly self-adjointness, 
then taking ip = ufi, (p = u{fi + u), Eq.(^ becomes 



Su 
6{ipEl + 

6u 



An - u— 



El 



du 
Ao - 

ou\ 



El 



Ai 



u- 



d{fi + v) 



Alternatively, 

b{vE^ 



Su 



r dfi 
oui 



ou\ 



El 



du 



\i — u 



El 



d{fi + v) 



du 



El 



then 



An 



Ao-M— , Ai = Ai-M — . 

ou ou 

= is approximate nonlinear self-adjointness, thus com- 



We conclude that equation Ei 
plete the proof. □ 

Remarks 4. 1. Theorem 3 holds for some special cases of Aj, Aj (i = 0,1). For 
example, if Ai = Ai = 0, then one easily find that the substitution is given hj v = ip and 
the multiplier becomes fi = ip/u, which has similar results as unperturbed case [6]. 

2. If the substitution for approximate strictly self-adjointness is adopted by v = u, 
i.e., uq = u,uJi = in the proof of Theorem 3, then we have the multiplier fi + eu is 
taken the form {(p + e(f))/u. Similarly, if the substitution is v = eu, we have the multiplier 
fi + eu = e4)/u. 



3 Applications 

In this section, we concentrate on the approximate conservation laws of a class of per- 
turbed nonlinear wave equations 

Uu + eut = [E{u)u,l, F'(m)^0, (14) 

where F{u) is an arbitrary smooth function of u. Eq.( IT4l) describe wave phenomena 
in shallow water, long radio engineering lines and isentropic motion of a fluid in a pipe 
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etc. [T2|[T7]. In these equations the perturbing term eut arises in the presence of dissipation 
and the functions F{u) is defined by the properties of the medium and the character of 
the dissipation. 

Many papers dedicate to study Eq. (|T^ by means of various methods and affluent 
approximate solutions are obtained [T2l[T8] . As far as the authors know, the first-order 
approximate nonlocal conservation laws of ( HM has not yet been presented. For Eq.( fHll . 
we take the following Lagrangian 

L = V [Utt - + eUf] , (15) 

and work out the variational derivative of this formal Lagrangian to obtain the system of 
two coupled equations 

SL 

— = utt- [F(m)mJ^ + eut = 0, 
ov 

SL 

— = vtt - F{u)v^^ - evt = 0, (16) 
ou 

where the second equation is called the adjoint equation of Eq. fll4l) . 



3.1 Approximate nonlinear self-adjointness of Eq.([T4]) 



Similar as the proof of Theorem 4, we prove the following proposition for Eq.f ll4l) . 

Proposition 1. Eq. (fT^ is approximate nonlinear self-adjointness by the substitution 



V = (cit + C2)x + cst + C4 + e 



(17) 



where Cj, (i = 1, . . . , 8) are arbitrary constants which make f 7^ 0. 

Proof. Assuming v = (f){x,t,u) + e(p{x,t,u) and substituting it into the adjoint equa- 
tion, one obtains 

(j)u + 2(f)tuUt + (puuUt + (puUtt + e(v5tt + "^iptuUt + ^uuUt + (fiuUtt - (t)t- 4>uUt) 

-F{u)[(j)^^ + 2(f)^uUx + 4>uuUl + (puUxx + e{ipxx + 'i^xuUx + ^uuul + ^uUxx)] 



\[uu - F\u)ul - F{u)u, 



where we omit the second-order term of e in Eq.f ll8p . 

Comparing the coefficients for Uu^Uxx in both sides we obtain (pu = = 0, then the 
above equation ( ITSjl becomes (j)tt + ^{^tt — 4>t) — F{u){(f)xx + ^^xx) = and yields 



^ti = 0, iptt - 



0, 



0, fxx = 0, 
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which gives the solutions = (cit + C2)x + c^t + c^, ip = {^Cit"^ + c^t + cq)x + ^c^t"^ + c^t + cs■ 
^h.is completes the proof. □ 

Proposition 1 provides many choices for multipliers to make Eq. fll4p become approxi- 
mate strictly self-adjointness. For example, after assigning proper value to some param- 
eters, we have v = 1 + e. Multiplying it on the left side of Eq. ffT^ . by means of Theorem 
3, we obtain ^{x,t) = 1/u, u{x,t) = 0, then Eq.lfT^ multiplied by it becomes 

i utt - + eut = 0, (19) 

which is approximate strictly self-adjointness because, at this time, C = v[utt — [F{u)ux]x + 
eut]/u and the adjoint equations of Eq.( IT9|) is 

T- = A W'^tt - ^uutVt - 2uvutt + 2vul - eu^vt] 

1 1 
H — -[uF'{u) - 2F{u)]vul + — [2uxVx + 2vUxx - uv^^jF^u) = 0, 



which becomes Eq. f|T9|) by substitution v = u. Alternatively, one can adopt fi = u = 1/u 
to make Eq.l fT^ become approximate strictly self-adjointness. 



3.2 Approximate conservation laws 

Now we turn to concentrate on the approximate conservation laws of Eq. (lT4|) . The first 
step is to perform approximate symmetry classification of Eq. (fT4|) . The exact symmetry 
of unperturbed equations 

Utt - [Fiu)ux]x = 0, (20) 

is well known [12] . The maximal Lie algebra is generated by a three-dimensional algebra 
and three special cases correspond to four- or five- dimensional Lie algebra. The results 
are reduced to those cases from Table 1 by the equivalence transformation 



X = eix + 62, t = e^t -1-64, u = e^u + eg, 
where Cj, (z = 1, . . . , 6) are arbitrary constants. 

Table 1. Lie algebras of Eq.([20]) 



F{u) 


Symmetry Operators 


arbitrary 


Xi = dx, X2 = dt, X-s = xdx + tdt 




Xi,X2, X3, X4 = xdx + 2du 


«'^(/i ^ -4, -f ) 


Xi, X2, X3, X5 = fixdx + 2udu 


u-^ 


X^,X2,X,,X,,X, = t^dt + tud^ 


4 

U 3 


Xi, X2, X3, X5, X7 = x^dx - 3xudu 
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Table 2 gives the approximate symmetries obtained by the approach of Baikov et. al. 
Table 2. Approximate Lie algebras of Eg. (1141) 



F{u) 


Approximate symmetry operators 


arbitrary 


Xi = d^, X2 = dt, X3 = e{xd^ + tdt) 




Xi, X2, X3, X4 = xd^ + tdt + et{\dt - 2du) 


u^ifi ^ -4, -|) 


Xi,X2,X3,X5 = e{xd., + ludu)^X^ = tdt-ludu+e^^{{dt-ludu) 




Xi, X2, X3, X5, Xe, Xj = ei^dt + tud^) 


^-4/3 


Xi, X2, X3, X5, Xg, Xg = e{x'^d^ - Sxudu) 



In what follows, we will use formula (jl]) in Theorem 1 to obtain first-order approximate 
conservation laws of Eq. ( fT4l) 



by virtue of the approximate symmetries in Table 2, where denotes calculation on 
the solution manifold of Eq. (fT4|) . 

Inserting the Lagrangian ( fT5i) into formula (jl]), we obtain 



= W{ev-vt) + vDt{W), 

= W[F{u)v, - F\u)u,v] - D,{W)F{u)v. 



(21) 



In particular, we investigate the following two cases to illustrate the effectiveness of 
approximate nonlinear self-adjointness in constructing approximate conservation laws, 
while other cases can be done by formula (12T]) with similar procedure. 

Example 1. Now, we utilize operator X4 in Table 2 to calculate the conserved 
vector. In this case, W = —2et — xu^ — (t + ^et'^^Ut and F{u) = e", then the conserved 
vector fl2Tl) becomes 



2et + xux + {t + -d?)ut {vt - ev) - V 



2e + xu^t + ut 



e (u^v — w 



X J 



2et + xu^ + (t + -et^)Mt 



XUn 



{t + -et^)u^t V, (22) 



where v is given by the substitution ( TT7|) . 

Specially, we take v = x, then fl22]) becomes 



-ex 



XUx + tUt 



X 



2e + xu^t + ut + (^et^ + t)(e"M^) 



1 



C^^ = e"(xn^ - 1) 2et + xn^ + {t + -er)ut 



xe 



1 



+ xu^^ + {t + ^et^)u^t 
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which make 



D,iCl) + D^iCr, 



Example 2. Consider for F{u) = uf". Here, W = -^u - - + ^i^)uf 
Then the conserved vector fl2T]) becomes 



2 2tu 
-u + e 

LyU /i + 4 



2(/i + 4) 



(t;t - ev) 



2 2m {2 + a)tut ( 

H /i + 4 /i + 4 V 2(/i + 4) 



fir 



2 2tu^ 

-Ux + e — — 
/i /i + 4 



2 2tM / 

fi /i + 4 V 2(/i + 4) 

2 



+ 1 + e 



fit 

'/i"T4 



t + e 



/it' 



2(/i + 4) 



(23) 



where w is also given by the substitution (IT7|) . 
In particular, choosing v = x + et, we have 



= 6(1 - X) 



[2 1 




— n + tUf 


- et 


L/i J 





'-Ut + t{u^'Ux)x + 



-X 



2 2m 

— + e 

/i /i + 4 /i + 4 



^ (2 + /i)tMf ^ A ^ ^ Z^^' 



6*2 = ^{fiUxX — u) 
+U^X 



2(/i + 4) 

2 



fu'^M + 1 + e 



lit 



2 2tM / /it" 

-u + e h t + e—^ - 

/i /i + 4 V 2(/i + 4) 

2 



2 2tM3; / at 

—Ux + e h t + r 

L/i " /i + 4 V 2(/i + 4) 



— Uxt + Ma;f 
/i 



/i 



'/i + 4 

-tn + 



and 



Dt{Cl) + Dx{Cl] 



in 



2/i(/i + 4) 

4 Conclusion 



[/iV(x + et)utt + 2//^(e + \)tut + Stuj + Ai2u{2te + x + 1) + 16m] 



We provide a more detailed discussion of approximate nonlinear self-adjointness and re- 
lated properties are given. The results are applied to a class of perturbed nonlinear wave 
equations and approximate conservation laws are obtained. 
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